Abstract. Mori dream spaces form a large example class of algebraic varieties, comprising the well known toric varieties. We provide a first software package for the explicit treatment of Mori dream spaces and present sample computations.
Introduction
By a Mori dream space we mean here a normal complete variety X defined over an algebraically closed field K of characteristic zero having a finitely generated divisor class group Cl(X) and a finitely generated Cox ring
where we refer to [2] for the details of the definition. Mori dream spaces have been introduced by Hu and Keel [16] as a class of varieties with an optimal behaviour with respect to the Minimal Model Program. Well known examples of Mori dream spaces are toric and, more generally, spherical varieties, smooth Fano varieties [6] or Calabi-Yau varieties with a polyhedral effective cone [24] . Examples of general type can be obtained by Lefschetz-type theorems [1, 18] .
An important feature of Mori dream spaces is that they allow an explicit encoding in terms of algebraic and combinatorial data [2, 4, 12] and their theory has close relations to toric geometry. This turns Mori dream spaces into natural candidates for extending the "testing ground of algebraic geometry" given by the toric varieties. For working explicitly with toric varieties, there are meanwhile several software packages available such as [5, 7, 11, 19, 20, 25] . Our intention is to provide with MDSpackage [14] such a tool also for the larger class of Mori dream spaces.
Let us give a more concrete impression. Every Mori dream space X is encoded by its Cox ring R(X) plus data located in the divisor class group Cl(X) which fix the isomorphy type among all varieties sharing R(X) as Cox ring. For instance, we can define a three-dimensional projective Mori dream space X by prescribing its divisor class group as K := Z 2 , its K-graded Cox ring as
where Q has the generator degrees deg(T i ) ∈ K as its columns, and an ample class w ∈ K taken from the relative interior of the above blue cone, i.e. the prospective moving cone of X. The K-grading of R defined by Q gives rise to an action of the 2-torus H = (K * ) 2 on
and the Mori dream space X is the quotient by H of the set X ⊆ X of semistable points associated to the weight w. As mentioned, divisor class group and Cox ring of X are given by Cl(X) = K and R(X) = R. extract further geometric invariants and properties from these defining data. For example, it determines the Picard group and the singularities of X as
Sing(X) = {{1, 5, 6}, {1, 2, 5, 6}, {1, 2, 6}, {2, 3}, {1, 4}, {1, 2, 5}}, where the output on the singularities provides information on their Cox coordinates; for example {1, 5, 6} says that there is a singular point x ∈ X stemming from a point z ∈ X ⊆ K 6 having precisely z 1 , z 5 , z 6 as non-zero coordinates. MDSpackage aims to be an easy-to-use computing environment for up to medium size computations. In the subsequent section, we present sample computations and thereby explain the syntax. The major computational ingredients come from commutative algebra and polyhedral combinatorics. The basic features of MDSpackage are
• basics on finitely generated abelian groups and algebras graded by them, • computing Picard group, local class groups, cones of effective, movable or semiample divisor classes, Mori chamber decomposition, pullback of QCartier divisors, • computing the canonical toric ambient variety, induced orbit stratification, irrelevant ideal, • testing (quasi-)smoothness, (Q-)factoriality, completeness, (quasi-)projectivity, • computing the singular locus, global resolution of singularities (approved for varieties with torus action of complexity one, experimental in the general case), • for complete intersection Cox rings: computing intersection numbers, graph of exceptional divisors, anticanonical divisor class, Gorenstein index, testing (Q-)Gorenstein and Fano properties, • for varieties with a torus action of complexity one: tests for being (ε-log) terminal, almost homogeneous, computing roots of the automorphism group.
Detailed background on the algorithms and a complete manual for MDSpackage can be found in [22] . Our package is implemented in the computer algebra system Maple [23] and makes use of the convex package by Matthias Franz [10] . Some applications of the MDSpackage concern the classification of Fano varieties [3, 22] .
For experimenting with Mori dream spaces, we moreover are building up a database of Cox rings [13] , the entries of which can be exported in a suitable data format for MDSpackage. Our motivation for creating a combined toolkit is the fruitful linking of the theory of weighted complete intersections with the graded ring database, see [8, 17] .
Working with MDSpackage
According to [4, 12] , a Mori dream space X is encoded by a bunched ring. This basically is an integral algebra R = ⊕ K R w graded by a finitely generated abelian group K such that the K-homogeneous elements admit unique factorization together with a collection Φ, called "bunch", of convex polyhedral cones in K ⊗ Q. Concretely, the K-graded algebra R is given by generators and relations and a degree map assigning to each generator its K-degree:
The bunch of cones Φ fixes the isomorphy type of X among all varieties having R as Cox ring. In case of a projective Mori dream space X, one can simply define Φ by fixing an ample class w ∈ K from inside the moving cone.
We now demonstrate the practical work with MDSpackage [14] by means of three example computations, more can be found in [22] . 
Here we took E = Z 8 and K = Z 3 ⊕ Z/2Z and the 4 × 8 matrix A fixes a map
inducing the degree map Q : E → K. The next step is to define the K-graded ring R. We have to specify variables, relations and the grading:
> RL := [T[1]*T[6] + T[2]*T[5] + T[3]*T[4] + T[7]*T[8]]; RL := [T [1]T [6] + T [2]T [5] + T [3]T [4] + T [7]T [8]]
> R := createGR(RL, TT, [Q], 'nocheck');
The last output line indicates that R is given by eight generators and one relation and its grading group is isomorphic to Z 3 ⊕ Z/2Z; the option 'nocheck' speeds up the computation by omitting plausibility checks. To define X, it remains to fix a prospective ample class w ∈ K ⊗ Q: The last output line is similar to that for R, the only new thing is the third entry, saying that the resulting Mori dream space X is of dimension four. We are now ready for computations with X. First, we determine the Picard group of X as a subgroup of Cl(X) = K and the factor group Cl(X)/ Pic(X):
> AGfactgrp(K, Pic);
The first output tells us tat Pic(X) is of rank three and torsion free, i.e., we have Pic(X) ∼ = Z 3 . The second output says
The cones of semiample, movable and effective divisor classes in the rational divisor class group K ⊗ Z Q are computed as follows: These cones are stored in convex format. In particular, for the first one, the output tells us that we have a 3-dimensional cone in 3-space having 0-dimensional lineality part and 8 rays and 8 facets; further information on the cones can be extracted via suitable convex commands. We compute the Mori chamber decomposition of the effective cone:
> F := MDSchambers(X);
Again the fan is stored in convex format. We refer to [16] for theoretical background of the Mori chamber decomposition and to [21] for the algorithmic aspects. We can also ask MDSpackage for a povray-visualization:
For complete intersection Cox rings like the current example, we may also check if X is a Fano variety and compute its Gorenstein index:
Example 2.2. We consider the Gorenstein del Pezzo surface X having Picard number one, singularity type E 6 A 2 and finite automorphism group. The Cox ring is given by 
> R := createGR(P, A);
> X := createMDS(R, [1] );
We take a look at the singularities of X and compute a resolution. Let us check smoothness properties and determine the singular locus:
> MDSissmooth(X);
The first entry of L is a list of generators for the ideal of the singular locus of the total coordinate space X and a list of used variables. As mentioned, the second entry tells us that the singularities are the points [0, 0 > GRdata(R2) [1] ;
> GRdata(R2) [3] ;
We compute the graph of exceptional curves and a list of the self-intersection number of the invariant divisors V (X; T i ); looking at the subgraph of (−2)-curves, we then see the E 6 -and the A 2 -singularities: T1   T6  T9  T12   T2   T3   T4   T5  T7  T8   T10   T11   T9  T12   T5  T6  T10  T8  T7   T11 > MDSintersno(X2);
The plot of the intersection graph are provided by MDSpackage either as Mapleobjects or in L A T E X-format.
Example 2.3. We consider a variety with torus action of complexity one. The Cox ring R of any such variety Y can be simply encoded by a pair (A, P ) of matrices, see e.g. [2] for details. Here is how to enter it in MDSpackage: We have obtained the root system B 2 of the corresponding orthogonal group, as expected for the smooth quadric Y in P 5 .
Remark 2.4. The Cox rings used in the introduction and the previous three examples are provided in the necessary syntax for MDSpackage by the Cox ring database [13] ; their ids are 96, 97, 6 and 98.
